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Abstract—The effect of shear deformation on dynamic instability of simply supported antisymmetric
angle-ply rectangular plates is considered. The boundarics of the principal instability region are
conveniently represented in the plane “non-dimensional excitation frequency squared-non-dimen-
sional load amplitude”. The effects of the magnitude of the shear correction coefficients, number
of layers, plate aspect ratio, and thickness-to-edge length ratio are illustrated in numerical examples.

1. INTRODUCTION

The intensive use of fiber-reinforced composites has resulted in very detailed studies of the
static and dynamic behavior of laminated anisotropic plates. The lower transverse shear
moduli of such plates makes them much more sensitive to the effect of shear deformation
than isotropic plates of the same geometry. Different theories incorporating shear defor-
mation effects were reviewed by Bert[1, 2].

In particular, the theory proposed by Yang et al.[3] has been intensively used for
solution of both static and dynamic problems. Whitney and Pagano used this theory
to study cylindrical bending under transverse load and fiexural vibration frequencies of
symmetric and unsymmetric laminates[4]. The problems of buckling and free vibrations of
shear deformable unsymmetric laminates was discussed by Noor[5] and by Bert and Chen[6].

Notably, Srinivas and Rao[7] as well as Sun and Whitney[8] showed that the theory
of Yang—Norris—Stavsky gives satisfactory results for predicting the first flexural modes of
vibrations if the transverse shear rigidities of the constituent layers are similar. The effect
of unsymmetric lamination on dynamic stability of rectangular plates was considered by
Birman[9] who neglected transverse shear deformation and rotary inertia.

In this paper the effect of shear deformation on dynamic stability of antisymmetric
angle-ply laminated rectangular plates is studied. The plate is hinged on all edges and the
tangential stresses and in-plane displacements in the direction perpendicular to each edge
are zero.

2. ANALYSIS

Consider a rectangular antisymmetric angle-ply laminated plate consisting of an even
number of identical orthotropic layers oriented alternately at angles + 8. The plate is subject
to uniformly distributed, parametric, time-dependent loads of intensity N ,(f) and N,(¢) as
shown in Fig. 1. The equations of motion of such a plate are[6]

t Presented at the 10th U.S. National Congress of Applied Mechanics, University of Texas, Austin,
TX 78712, June 1986.
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where u, v, w are displacements along the x-, y-, z-axes, respectively, ¥, and y, are the
bending slopes in the x—z and y-z planes, ¢ is time, (...); = d(...)/di, p is material density,
and C is a coefficient of in-plane inertia. The in-plane stress resultants and stress couples

are related to the generalized displacements by the following constitutive relations
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The shear stress resultants are functions of the shear correction coefficients k32, k?
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The extensional, coupling, and bending stiffnesses are defined as
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where £ is the plate thickness and Q;; are the plane-stress reduced elastic stiffnesses.

Each of the plies is orthotropic ; therefore
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where k denotes a typical ply and 7 is the total number of plies.

Z=7

Fig. 1. Rectangular plate subjected to dynamic in-plane loads.
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The substitution of eqns (2) and (3) into eqns (1) yields the set of differential equations
which can be conveniently represented as{6)

u
v
(La}q W = {0} (6)
hy,
hy,
where L;; = L;; and
L= And,f'*'Asedyz"CPhdzz
L, = (A;+4¢)d.4d,
LIJ =0
L,y = (Bis/h)d; + (Bye/h)d}
LIS = (2Ble/h)dxdy
Ly; = Aged} + Azd} — Cphd?
Ly;=0
Liy = (2By/h)d .4, (7
Lzs =Ly,

Lyy = —k3Assd}—kiAudl+ N, (0)d?+ No(1)d} + phd?

Lys = —(kidafh)d,

Lys = —(k}Ass/h)d,

Las = (Deo/h®)d? +(Dya/h*)d? — (k24 4ufh?) — (ph/12)d?

Lis= (Diy+De)h™2d d,

Lss = (D11 /h*)d: +(Deolh?)d] — (k3 Ass/h*) ~ (ph/12)d}
d; = 0(...)/0i, i=x,y,t

The boundary conditions considered in this paper coincide with those used by Whitney
and Leissa[10] and Bert and Chen[6]

u(0,y) = u(a,y) =0 Ne(x,0) = N¢(x,b) = 0
Ng(0,y) = Ng(a,y) =0 v(x,0) = v(x,b) =0
w(0,y) = w(a,y) =0 w(x,0) = w(x,b) =0 ®)

M\0,) =M (a,y) =0  Myx,0)=Myx,)=0
¥,(0,) = ¥,(a,y) =0 Yx(x,0) = Y. (x,b) = 0.
It is noted that if the shear strains are negligible, these conditions converge to the S3

boundary conditions as defined by Almroth[11] or the SS2 conditions of Hoff[12]. Boundary
conditions (8) and governing equations (6) are satisfied if the mode shape of the motion
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with m and n half-waves along the x- and y-axes, respectively, is represented by

u = U(t) sin ax cos By
v = V() cos ax sin By
w = W(t) sin ax sin fy 9)

hy, = Y (1) sin ax cos By
hy, = X(1) cos ax sin By

where

o = mnja, B = nn/b. (10)

The effects of in-planc and rotary inertias on vibrations of antisymmetric angle-ply
plates at frequencies near the fundamental frequency are negligible[6]). Since dynamic
stability is most important in cases in which the excitation frequencies are of the same order
as the fundamental frequency, these inertias are neglected here. Then substitution of eqns
(9) into eqns (6) results in the following set of equations:

CyU+CV+C 1 Y+CisX =0 (11)
C12U+CpV+CpY+CiX =0 (12)
B’l:-W+C33W—c3,,Y-c35X=0 (13)

CiaU+CoVHC3aW+CayY+Cys X =0 (14)

CisU+C 1 V+C3sWHCosY+CssX = 0. (15)

where Eris the Young’s modulus in the direction normal to the fibers.
The coefficients C,; are conveniently represented in the non-dimensional form

C, = _finaf"/isom
Cio= —(A;;+Age)t, B
Cu= —Blea%-‘gzeﬁf

Cis= “2316°‘1ﬂ1
Cyp = '—fiooaf"gnﬂf
Cu= —25260‘1.31

- - _ _ (16)
Cyy = kidssat+kidpi— N (al— Ny (0B}

Cy = —kififﬂﬁl

Cys = —kidssa

Cu = —D-ooaf—D-zzﬂf"kfr‘iu
Cas = — (D124 Dee)ts B

Css = —D\ 0} —DeBt —kidss.

Here
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o, = mnhja, f, = nnih/a, i=alb (17
N.(t) = N(O/Erh;, i=1,2. (18)

The non-dimensional extensional, coupling, and bending stiffnesses, calculated under
the assumption that the thickness of each » plies is #/n, can be represented as

i ) Pn
= (1/2) }: O fi(k) (19)
Di; = (113207 f2(k)
where f,(k) and f,(k) are given by

Sik) = (i —hi_ )W

20
falk) = (2 —hi_ ). (20)

The non-dimensional reduced stiffnesses of the kth ply which is inclined at an angle 6
to the x-axis are
1 = 0hc'+2(01, +20%)cs* + 015
012 = (01 + 0% —4Q%)s7c* + 0%y (s* +¢*)
0% = Otis* +2(Q1 +20%)s°c + Q%
= (01 — 01, —20%)sc® + (0%, — 0%, +20%)s’c

* * o3 * * »* 3 (2])
o% = (0% T2 —20%)s c+(QF, — Q%+ 2Q%)sc
04l = Qhc? + 0%ss?
0% = Q%us*+ Q%sc?
0¥ = (0 +05h-20%-208)sc*+ Q¥ (s*+c*)
where
c=cos §; s=sin0 27
and
E |Er
* =
on = l=v vy
« — r
o2 1—=v.rvr
1
e
0t ==~ @3)
Q% = Grz/Er
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The sct of eqns (11)-(15) can be reduced to a single equation in W. Indeed, U and V
can be expressed in terms of X, Y using eqns (11) and (12)
U=8X+S5,Y

(24)
V = S3X+S4Y

where

S, =(C14C,=C5Cy)/S

Sy = (C12C2—CpC4)/S

S; = (C15C,—C11C1a)/S (25)
84 =(C14Cy—C,C14)/S

S=C,Cp—Ch.

After substitution of eqns (24) into eqns (14) and (15), one can express X and Y as

X =FW|/Css; Y=F,W/[Cy,. (26)
Here
F - (C35S6—C34S8)C35
T 8,85 — 568,
27
o o (€81~ Cyu89C @
2T 8.8, 8,S,
where

Ss=C148+CS:+Cys
Se=C14S:+C24Se+Cuy (28)
S;=0Cs8,+C4S;+Css
Sg = C1585:+C 148+ Cys.

Now eqns (26) can be substituted into eqn (13) resulting in the linear second-order
differential equation for W(r). Representing the non-dimensional pulsating loads by

N, (1) = N* cos 27

N,(t) = N¥ cos 2t )
where the non-dimensional time parameter is
T = Wt (30)
one obtains Mathieu’s equation
W..+(as—2q cos 20)W =0 30N
where
ag = (1/@°) (k34 ssat +kidsft—F\ —Fy) (a/h)* (32)

g = (1/2&) (N'tai + N1B1) (afh)*.
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The non-dimensional frequency squared is
@? = (pa’*/Erh*)w’. (33)

The boundaries of the instability regions of the solutions of Mathieu’s equation are
tabulated. It is convenient to use the series representation of these boundaries[13). For
example, the boundaries of the first (principal) instability region are given by

a,=1Fq—4¢*+ &g’ — - (34)

if ¢ is small enough so that the series converges. The higher instability regions are not
always realized if the plate vibrates with limited amplitudes due to damping.

It is convenient to show the boundaries of the instability regions on the frequency—
load plane where the horizontal axis corresponds to the squared non-dimensional frequency
of dynamic load & and the vertical axis represents the non-dimensional amplitude of the
load N*. Note that N'¥ can always be represented as a certain fraction of N'%, so that such
representation is possible even if the dynamic loads are applied along both axes.

If the amplitude values N* N% are small so that non-linear terms in eqn (34) can be
neglected, the boundaries of the principal instability region are represented by the following
relations :

@* = (a/h)*((k3Assai+kidaaBi—F\ — F2) F(1/2) (N¥ai + N2} (35)

3. RESULTS AND DISCUSSION

Two plates were considered : a two-layer plate (§ = —45°/45°) and a four-layer plate
(0 = 45°/ —45°/45°/ —45°). The material properties were taken as in Refs [3, 6], i.e.

0.051—

ﬁl*

Fig. 2. Effect of relative thickness on the principal instability region for a two-layer (—45°, 45°)
square plate; N3=0, m=n=1, kI =k} =5/6; cases a—c are for hja=0.10, 0.05, 0.03,
respectively.
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52

Fig. 3. Effect of relative thickness on the principal instability region for a four-layer (45°, —45°,
45°, —45°) square plate; N3 = 0,m = n = 1, k] = k} = 5/6; cases a— as in Fig. 2.
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EL/ET = 40, GLT/ET = GLZ/ET = 06, GTZ/ET = 05, Vi = 025, /\’g = kg = 5/6.

The effect of the relative thickness #/a on the principal instability regions of two- and four-
layer square plates is shown in Figs 2 and 3. It appears that the instability regions of thicker
plates are narrow. These regions are also shifted to the smaller non-dimensional excitation
frequencies. However, if we calculate the dimensional frequencies using eqn (33), the
instability regions of thicker plates correspond to larger frequencies. This reflects the fact
that the thicker plates are stiffer. The increase of the aspect ratio is shown to shift the
instability regions to the larger excitation frequencies as shown in Figs 4 and 5.

The effect of the magnitude of the shear correction coefficients which were otherwise
supposed to be equal to 5/6 is shown in Figs 6 and 7. The larger shear correction coefficients
result in the shift of the principal instability region to the smaller frequencies. Finally, the
effect of the number of layers on the instability region of a square plate is shown in Fig. 8.
The increase of the number of layers shifts the instability region to larger frequencies; in
this particular case, the width of the principal instability region was not essentially influenced
by the number of layers.

0.05H

vl

(¢} 500 1000
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Fig. 4. Effect of aspect ratio on the principal instability region for a two-layer (—~45° 45°) platc:
N3¥=0,hla=0.1,m=n=1,kl=ki=5/6;casesa—d are for A = 0.5, 1.0, 1.5, 2.0, respectively.

0.05—

o] - 500 1000
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Fig. 5. Effect of aspect ratio on the principal instability region for a four-layer (457, —45', 45,
—45°) plate; N$=0,h/a=0.1,m=n=1, k3 = ki = 5/6; cases a-d as in Fig. 4.

0.05—

1 | .
500 1000
62
Fig. 6. Eficct of the shear correction cocfficients on the principal instability region for a two-layer
(—45°, 45°) square plate; N3=0, hla=0.1, m=n=1; cases a—¢ correspond to values of
k3 =k?of1.0,0.833,0.50, 0.25, and 0, respectively.
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Fig. 7. Effect of the shear correction coefficients on the principal instability region for a four-layer
(45°, —45°,45°, —45°) square plate; N$= 0, h/a = 0.1, m = n = 1, cases a—¢ as in Fig. 6.
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Fig. 8. Effect of number of layers on the principal instability region of a square plate; N% =0,
hla=0.1,m=n=1,k; = k! = 5/6; cases a and b correspond to two and four layers, respectively.

In conclusion, the effect of shear deformation on dynamic stability of antisymmetrically
laminated angle-ply plates is significant. This is consistent with results obtained in previous
work considering vibration, buckling, and static deflection of such plates.
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